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Abstract. The K Framework is a state-of-the-art tool for designing and
analyzing programming languages, relying on a frontend tool, kompile,
to translate high-level K definitions into a low-level Kore representation
based on Matching Logic (ML). Currently, this compilation process lacks
a formal specification, making it a trusted but unverified component
in the toolchain. This paper addresses this gap by proposing a formal
mechanism for obtaining the denotational semantics for K definitions
directly as ML theories. A strong feature of the proposed approach is
that it respects the abstraction and modularity principles of K.
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1 Introduction

The K Framework (https://kframework.org) allows for the design and mod-
eling of programming languages and software/hardware systems. It is based on
the programming, modeling, and specification language K [32]. The K Framework
comes with tools for building interpreters, model checkers, verifiers, related doc-
umentation, and more. These tools are implemented generically once and for all
and then instantiated by a language definition specified using K.

The K process can be broadly separated into two phases: the frontend phase
and the backend phase (see Figure 1, the white part). During the frontend stage,
kompile compiles a K language definition into an intermediate representation
known as the Kore format, used to specify matching logic (ML) representations
of the K definitions. It also infers the omitted parts of configurations in semantic
rules and the types of all the variables. The tool kompile outputs a source file
definition.kore that includes the entire matching logic theory encoding the
formal semantics of the language. This Kore file is then passed to Ks backend to
instantiate the corresponding language tools.

How kompile generates the ML encoding (in Kore format) of the formal lan-
guage semantics is magic for K users. For example, the below K syntax declaration
(taken from Figure 2)
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Fig. 1. K process: the white boxes represent the current approach, the blue boxes the
contribution of this paper. The relation :<+ represents a formal specification of kompile.

1[ syntax Stmt ::= "inc" " (" Counter "," Label ")" j

is compiled into a Kore® statement of the form

[constructor{}(), functional{}(), injective{}]

symbol Lblinc{}(SortCounter{}, SortLabel{}) : SortStmt{} }

together with the axioms corresponding to the attributes constructor (indi-
cating that Lblinc is a constructor of SortStmt), functional, and injective
(indicating that Lblinc is an injective function).

The kompile tool is fully developed and tested on many real-life program-
ming languages (see Section 5). However, in order to completely trust that its
output definition.kore represents indeed the matching logic denotation of the
K definition, we need a transparent formalization of this process.

The main contribution of this paper is to propose such a formalization, where
the K frontend definition can be seen as a domain specific notation of the ML
theory it represents (blue part in Figure 1, where the notation relation is :¢»).
This formalization can be used further to show that kompile is correct by proving
that the Kore representation it produces is a refinement (notation C in Figure 1)
of the matching logic theory”.

There are several significant challenges that must be addressed when formal-
izing K definitions as matching logic theories, briefly explained below.

Axiomatization of abstract rules. K allows to specify the rewrite rules describ-
ing the semantics in a very abstract way. A main advantage of this abstraction
mechanism is modularity: if several languages share some functionality, then
this functionality can be specified once and for all and imported by the cor-
responding language definitions. The tool kompile generates specific axioms for
each language. The challenge is to have just one axiomatization for such rules
to be shared by all language theories requiring it. The solution we propose is to
use the ML theory of contexts (Sections 3 and 4.5).

6 Kore uses a many-sorted version of matching logic [29,9].
7 The correctness aspect is outside the scope of this paper.
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Axiomatization of configurations. Configuration specification in K uses an XML-
like notation, describing a tree structure of cells. The challenge is to find an
appropriate axiomatic representation for such structures. Our solution consists
in a specific abstract datatype theory for each kind of cells (Section 4.4).

Aziomatization of dynamic attributes. Abstraction is also obtained in K using
dynamic attributes. For instance, arguments’ order is specified by strict-like
attributes. Since these attributes are themselves abstractions of certain semantic
rules, their axiomatization is based on contexts as well (Sections 3 and 4.2).

Aziomatization of equality on sorts whose constructors satisfy some axioms. The
K definition of a programming language can include datatypes whose construc-
tors satisfy some axioms, such as associativity or commutativity. Hence, there are
two kinds of equalities for these data structures: syntactic and semantic (modulo
axioms). Our solution is based on using quotient sorts (Sections 2.2 and 4.3).

Structure of the paper Section 2 provides background on the two key for-
malisms. It first describes the components of a K definition, then introduces the
functional variant of matching logic (ML), covering relevant information on the
theories used in the paper. Section 3 includes a central contribution: a formal
theory of contexts within MIL. This reified specification is used to abstract away
parts of a configuration, which is crucial for defining the denotations of K’s dy-
namic features. Section 4 is the core technical contribution, explaining how to
translate a K definition into an ML theory. We conclude with a discussion on
related work (Section 5) and future directions (Section 6).

2 Preliminaries

2.1 K Frontend Definitions

In K, a definition of a programming language consists of three main components:

Concrete syntax A conventional BNF grammar defining the structure of valid
programs in the language. We distinguish three basic kinds of BNF productions:
— sort declaration: syntax (nonterminal);

— subsorting: syntax (nonterminal) ::= (nonterminal), and
— symbol declaration:
syntax (nonterminal) ::= (list-nonterminals-and-terminals) [{ attributes)].

A function symbol is a symbol declared with the attribute function. A non-
function symbol is considered as being a constructor of the sort given by the
left-hand side non-terminal.

Execution state (configuration) A representation of the state maintained
by a program during execution. Its declaration is of the form

configuration <Cfg>
where (cfg) is a tree-like structure of cells, declared using an XML-like syntax.
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Operational semantics A set of rewrite rules defining how the program’s state
changes over time. A rewrite rule
rule (rl) [ requires {precond) | [ ensures (postcond) ]

can be a simplification rule, where (rl) is of the form (lhs) => (rhs) and used
to compute function symbols, or a one-step transition specification, where (rl)
is of the form Cy[(lhsy) => (rhsy)]... Cy[(lhsg) => (rhs;)] and C; specifies a sub-
configuration where the local change (lhs;) => (rhs;) holds.

K uses rewrite rules to define execution in a precise way. A rewrite rule takes
the current configuration and transforms it into a new configuration based on a
predefined mechanism, ensuring that the execution follows the formal semantics.

Running Example. A minimal computation model, Turing complete, and includ-
ing all ingredients of a programming language, is the Minsky Machine [22]. Tt
consists of two counters and the following statements: inc(C, L)—increments
counter C' and jumps to statement L; decjz(C, L1, Lo )—if C' > 0 decrements C
and jumps to L1, otherwise jumps to Ls; and halt—stops the execution.

A K definition of the Minsky Machine is given in Figure 2. Module MM-SYNTAX
includes the syntax for statements and counter names. Attribute strict(1) refers
to the strict evaluation of the first argument (Exp), a.k.a. eager evaluation or
call-by-value. This kind of evaluation is obtained through heating/cooling rules,
which are automatically generated. Module CONFIG describes the configuration
(execution state) consisting of three cells: <k>—for the sequential list of tasks to
be executed, <counters>—for the two counters, and <stmts>—for the set of state-
ments represented as pairs label — statement. Module MM-SEMANTICS includes the
rewrite rules describing the execution steps. The rule in line 22 is of the form
C1[(lhsy) => (rhs1)] Ca[(lhsg) => (rhsz)], where C} is the sub-configuration given
by cell <k>, and Cs is the sub-configuration given by cell <stmts>. The rule in line
27 is syntactic sugar for <k>decjz(0, L1, _) => L1 ...</k>. Each such rule rep-
resents an execution step current-config — nezt-config in an abstract way, using
a configuration-abstraction/concretization mechanism. The rules in lines 30 and
31 are simplification rules because they are used to compute the function symbol
max; they do not represent semantic execution steps, but function evaluations.

In Figure 3 we extend the K definition of the Minsky Machine with multi-
threading. Note that this extension is very modular: the syntax and semantics are
augmented with new specific rules, and only the configuration is changed signifi-
cantly. The multiplicity attribute in <thread multiplicity = "*" ...> says that
cell <thread> can have zero, one, or more occurrences in a concrete configura-
tion. The configuration-abstraction/concretization mechanism allows to use the
rewrite rules of the sequential machine in a multi-threading configuration.

2.2 Matching Logic (ML)

In this paper, we use the functional variant of Matching Logic (ML) [6].
An ML signature (X, EV, SV) consists of a set of constant symbols X, a set
of element variables EV, and a set of set variables SV. The formulas, called
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1fmodu1e MM-SYNTAX )
2 imports INT

3 syntax Counter ::= "ci1" | "c2"

4 syntax Label ::= Int

5 syntax Exp ::= Counter | Int

6 syntax Stmt ::= "inc" " (" Counter "," Label ")"

7 | "decjz" "(" Exp "," Label "," Label ")" [strict(1)]

8 | "halt"

9 syntax Int ::= max(Int, Int) [function]

10 | endmodule
11 | module CONFIG
12 imports MM-SYNTAX

13 imports MAP

14 configuration <T>

15 <k> 0 </k>

16 <counters> c1 |-> 0 c2 |-> 0 </counters>
17 <stmts> $PGM:Map </stmts>

18 </T>

19 | endmodule
20 | module MM-SEMANTICS
21 imports CONFIG

22 rule <k>L:Label => S</k> <stmts>...L |-> S:Stmt...</stmts>
23 rule <k> inc(C:Counter, L:Label) => L ...</k>

24 <counters>... C |-> (V => V +Int 1) </counters>

25 rule <k> C:Counter => max(0, V) ...</k>

26 <counters>... C |-> (V => max(0,V -Int 1)) </counters>
27 rule decjz (0, L1, _) => L1

28 rule decjz(V, _, L2) => L2 requires V >Int O

29 rule halt => .K

30 rule max(I1:Int, I2:Int) => I1 requires (I1 >Int I2)

31 rule max(I1:Int, I2:Int) => I2 requires (Il <=Int I2)

32 | endmodule
.

Fig. 2. K definition of a Minsky Machine

patterns, are defined as follows:
pu=x| X |o|lerp2| L] = 2| x| uX.p if @ is positive in X
A pattern ¢ is positive in X if every free occurrence of X is under an even

number of negations in , where a negation — is the notation ¥ — 1 and sub-
formulas ¥ — 15 are seen as —1 V3. Let PATTERN denote the set of patterns.

Definition 1 (Models). Given ¥ = (EV,SV,X), a Y-model (or simply
model) is a tuple (M, _« {M,}scx), where
1. M is a carrier set, required to be nonempty;
2. _« : MxM — P(M) is a function, called the interpretation of application;
here, P(M) is the powerset of M ;
3. M, C M is a subset of M, called the interpretation of o in M, o € X.
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1 | module MT-SYNTAX

2 imports MM-SYNTAX

3 syntax Stmt ::= "fork" "(" Label "," Label ")"

4 | "join" " (" Counter "," Label ")"
5 | "exit"

¢ | endmodule

7 | module CONFIG

8 imports MT-SYNTAX

9 imports MAP

10 configuration <T>

11 <threads>

12 <thread multiplicity = "*" type = "List">
13 <k> 0 </k>

14 </thread>

15 </threads>

16 <counters> cl1 |[-> 0 c2 |-> 0 </counters>

17 <stmts> $PGM:Map </stmts>

18 </T>

19 | endmodule

20 | module MT-SEMANTICS

21 imports MM-SEMANTICS

22 rule <threads>.Bag => <thread> <k>0</k> </thread></threads>
23 rule <k> fork(Li, L2) => L2 ...</k>

24 ( .Bag => <thread> <k> L1 </k> </thread> )
25 rule <k> join(C, L) => L ...</k>

26 <counters>... C |-> 0 </counters>

27 rule <thread> <k> exit ...</k> </thread> => .Bag
28 | endmodule

Fig. 3. K definition of a Minsky Machine extended with multi-threading

By abuse of notation, we write M to denote the above model.

We further extend _«  pointwise from elements to sets as follows:

_~ P(M)xP(M)—P(M) A-B=J pa<b for ABCM
Note that 0+ A= A-0 =0 for any A C M.

Definition 2 (Pattern interpretation). Given ¥ = (EV,SV,X) and a
model M, an (M-)valuation is a function p: (EV U SV) — (M UP(M)) that
maps element variables to elements in M and set variables to subsets of M ; i.e.,
px) € M for allz € EV and p(X) C M for oll X € SV. We define a pattern
interpretation |_|,: PATTERN — P(M) inductively as follows:

|z, ={p(2)}  [X]p =p(X) lolp=Ms [Llp=0 |p1¢alp=[e1]p

o1 = @alo = M\ (lp1 |\l @2l,) P20l = | [0lplasal [0 X 0l = nF%,
aceM

acA,be

902|p

where pla/x] is the valuation p' such that p'(x) = a, p'(y) = ply) for anyy € EV
distinct from x, and p'(X) = p(X) for any X € SV. Here, F ,: P(M) —
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P(M) is the function defined as F% ,(A) = |¢l|ya/x) for every A C M, where
p[A/X] is the valuation p’ such that p'(X) = A, p/(Y) = p(Y) for any Y € SV
distinet from X, and p'(z) = p(z) for any x € EV.

Definition 3. 1. ¢ isvalidin M (equivalently, ¢ holds in M ), written M = ¢,
if |¢l, = M, for any M-valuation p.
2. If I is a set of patterns, then M =T if M |= ¢ for any p € I
3. I'Epif M = ¢ for any model M with M |= I". We say that ¢ is a semantic
consequence of I'. If I' is the empty set, we simply write |= .

Notations [27] is a mechanism that allows flexible use of ML. In particular, no-
tations can be used to define a domain-specific logic inside ML. It uses a less
conventional notion of theory given as a triple (X, @,F), where X' is the alpha-
bet of constant symbols, @ a set of patterns, and - an entailment relation.

A notation-based specification is given as a conservative inclusion theory mor-
phism (X, @) < (X, ¥ '), such that each new formula ¢’ € &'\ & is a nota-
tion of a formula ¢ € &, written as ¢’ :+> ¢ and expressed by two new axioms:
F ¢ — pand H ¢ — ¢'. & might also contain additional axioms that limit the
use of notations. By abuse of notation, we often write (X, ®,) :+> (X, d',}) to
express that (X, ®',}') is an extension by notation of (X, @, ).

The simplest example is the definition of the derived operators as notations:
P o= L o1 Vg 1 o = e, T i 0L ete.

A Hilbert-style proof system exists for ML [9,6], establishing the provability
relation I' F ¢, where I' is a matching logic theory and ¢ is a pattern. This
proof system is very expressive as a variety of common logics can be derived
from it. Therefore, we believe that it is suitable for deriving specific proof rules
for K definitions. However, familiarity with this proof system is not required to
understand the technical results presented in this paper.

2.3 Basic ML Theories
The ML denotation of a K definition is built on top of several theories.

Theory of equality It includes a symbol def axiomatically defined by the
axiom Vz.defz and having the following meaning: |def p|ar, = if [¢|ar,, #
() then M else (). Totality, equality, inclusion, and membership are specified
as notations: [¢] :+> def ¢ (definedness), |¢] > =[] (totality), 1 = @2 1+
lp1 & 2| (equality), @1 C 2 <> |1 — 2] (set inclusion), and z € ¢
x C ¢ (membership). Using equality, e.g., we may define that a pattern ¢ is
functional if axiom Jx.p = z holds, i.e., it is always evaluated to singleton. An
example of functional patterns is given by the (algebraic) terms.

Theory of sorts A symbol inh is used such that the pattern (inh s) represents
the set of all inhabitants of the sort with name s. Notation Ty :¢> (inh s) is often
used for the pattern representing the set of inhabitants. Symbol Sort is used to
represent the sort of all sort names, i.e., its inhabitants are the sort names; in
particular, Sort € Tgort.

ML allows to specify operations over sorts [6,3]. Next, we present only some
of them.
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Product sorts. Given two sorts s; and so (i.e., s1,82 € Tsort), their product sort
is specified by a sort name s1®s2, $1®82 € Tsort, & constant symbol (_, ) in
X, together with a notation (x,y) :+> (_, ) z y and the following axioms:

Va:s1.Vy:s0.32:51®80.(x,y) = 2 (x1,11) = (X2, Y2) = T1 = T2 AYy1 = Y2
Ts1®s9 = Jris1.Ty:s0.(x, y) Va:s1.Vy:s0.Vz:83.((x,y), 2) = (z, (y, 2))
Due to associativity, (z,y, z) equally denotes either ({x,y), z) or (z, (y, z)). This

naturally extends to tuples of arbitrary lengths: (x1,...,xg), k > 2.

Remark 1. If :s1 and 1):s5 are two (nonfunctional) patterns, then (¢, ¢) denotes
the cartesian product of ¢ and 9, as

|<90? 1Z}> |P = Ua€|<p|p,b6\¢\p (a7 b)

Power sorts. Given a sort s (s € Tsernt), its power sort is specified by a sort name
2%, 2% € Tsert, two constant symbols, extension and intension in X, together with
the following axioms:

Va:2° .extension a C T Va:2°.V3:2° extension a = extension § — a=/3
XCT4 — Ja:2°.extension a=X intension ¢ <> Ja:2%.ae A (extension o = )

A relation R C T4, X T, is presented by an element r : 251952 such that
extension r = R. The inverse R™! of a relation R C T, x T, is specified by a
constant symbol _ ~!, a notation, and two axioms:

e Ty Vi 2598 ;2888 =l — g
Vr : 2595 extension 1 = 3z, y:5.(y, ) A (z,y) € extension r

The composition Ry o Ry of two relations Ry C T4, X T, and Ry C Ty, x T,
is specified by a constant symbol _o_ | a notation, and two axioms:

T1OTg 4> O T1Tg Vry 2 251952 g ;2520083 Jp ;951853 o — ) oy

Vry 1 251952 Yp, ¢ 252093 extension 17 0 ro = Jx:sq.y:80.32:83.
(x,2z) N (x,y) € extension r1 A (y, z) € extension rg

Function Sorts. Given sorts s1, S (S1,52 € Tsort), the functions T4, — T, are
specified by a function sort [s1-$3], where the functions are represented by their
graphs, i.e., Ts g,) © Tas1@s2, and the following domain-specific axioms:
Vf:[s1—82].V:s1.y:s0.(x, y) € extension f
Vf:[s1-82].Vris1 . Vyr, ya2:$a.
({(x,y1) € extension f A (z,ys) € extension f) — y1 = y2
Vf:[s1-s9].Vaisy.f . = Jy.y A {x,y) € extension f

Quotient Sorts. Given a sort s (s € Tsor) and an equivalence relation = on
Ts X Tg, the quotient sort is specified by a sort name s/= (s/= € Tsort), a

constant symbol [_]= together with a notation [z]= :+> [_]= z, and the axioms:
Vas.zlz € Tos  Tg/= = wis.fz]= Va:s.extension [z]=z = Jy:syAz =y

The pattern [z]= uniquely identifies the equivalence class of x, represented by
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extension [z]=: if x = y then [z]= = [y]=. The following hold:
Vji: [s-8"].(Vz,y: s =y — (f = fv)—3f:(s/=)-5).(Vo:s.f [2]= = f x)
VI (s/=)=51.3f (s8] (Vazs.f [2]= = f @)

Specification of rewriting The one-step rewriting (transition) relation is
specified using a one-path next symbol e having the following interpretation:
for each x € ey’ there is a y € ¢’ such that © = y is a one-step rewriting
relation. Patterns ¢’ and ey’ must have the same sort: ¢’ C T, — ep’ C T,.
Furthermore, we assume that ey’ is defined pointwise: e’ = Jy:s. ey Ay € ¢'.
A rewrite rule, specifying a particular one-step rewriting relation, is a pattern
of the form ¢ — e¢’. In order to emphasize that ¢ — ¢’ indeed represents a
relation, we introduce the following notation:

CH(p — o¢') :+» Fz:s.Ty:s.(m,y) ANz € (P Ney) ANy € ¢

where a rewriting step = y can be seen as a notation for the pair (z,y) in the
above pattern. This can be interpreted as a “particular case” of the CurryHoward
correspondence, where the implication corresponds to a relation (instead of a
function). Note that CH(p — e¢’) is a pattern of sort s®s. In particular, when
¢ is Ts, we have CH(ey') :<» Jz:s.Jy:s.(x,y) ANz € oy Ay € .

Remark 2. If a rewrite pattern ¢ = ¢’ <> p — ¢’ is an axiom of a theory I,
then we have M | ¢ — o' iff M = ¢ C o for any I'-model M.

3 A Theory of Contexts

A context is intended to represent a pattern ¢ with a hole, usually denoted by
O, which can be filled by some other pattern . Although it would be straight-
forward to define contexts as meta-theoretical constructs, e.g., operations on the
syntax, such an approach would not be aligned with our goal of formalizing the
semantics of K as an ML theory. We need a reified specification, given through
a signature and some axioms, together with notations on top of it. For this, we
apply the general mechanism for defining binders introduced in [8], which starts
with the following notation

[d:s1]p 4> intension (30:s1.({0, ¢))
where [J is an element variable of sort s; and ¢ is a functional pattern of sort
s2. The [[:s1]¢ notation, of sort 2°1®%2 is used to indicate that variable [ is

bound in ¢, and is the building block for encoding the binders in ML.
The extension of a binding is a functional relation:

extension [:s1]p :4» extension (intension (30:s1.(0, ¢))) (by notation)
=J0:s1.(0, ) (by power sort def.)

(0,0 playa) =
L_JaeMs1 (a,|¢lpja/op), where My, = [Ty, |,. Since ¢ is functional, it follows that

If p is a variable valuation, then |3:s1. (0, )|, = UaeMs1

the relation is the graph of a function.
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Starting with the theory of sorts from Section 2.2, we add the symbols
plug, gamma, and Context;? for any sorts si, s2.

Context;? stands for the sort of contexts of sort so with a hole of sort s;. Constant

symbol gamma defines a binder used to specify that a certain element variable

[ is treated as a hole in a pattern, thus forming a context, while plug is used to

substitute the bound hole for another pattern. We use the following notations:
yO:s1.¢0 > gamma([D:s1]) Clz] <> plug(C, z)

The specification Icontext Of the contexts is given by the following axioms:

Vs1,s9:Sort.Contexty? € Tsort (Ax.1)
Vs1, s2:Sort.Vay, ae:[s1 — so].(gamma a; = gamma as) = a1 =@y (Ax.2)
Vs1,52:50t. T conexesz = ax:[s1 — s2].gamma a (Ax.3)
Vs1, s2:S0rt.VC1, Co:Context?? . (Va:s,.Ch[z] = Colz]) — Cp = Cy (Ax.4)

Vs1,s2:Sort.VC:Context? Va:s; .
Clx] = Ja:[s1 — s2].Ty:s2.y A (C'= gamma a A (z,y) € extension a) (Ax.5)

Most of the axioms are self-explanatory, considering the meaning of gamma and
plug. The only rather technical axiom is Ax.5, which, for C :<» v[:s1.¢, allows
us to compute the plugging C[z] in terms of ¢:

Clz] = Fy:sa.y A ({z,y) € A0:s1.(0, ).

By Axiom Ax.3, each context C is of the form gamma «. We may obtain C :<»
~O:s1.¢, where ¢ <> a(0) and «(0) <> Jy.y A (0, y) € extension «. Since « is a
function, it follows that y is uniquely determined. Therefore, we always consider
the contexts to be of the form ~[J:s1.p, with ¢ functional.

The term ‘context’ is often used for constructs supporting a plugging op-
eration that can be performed without constraints on capture avoidance. By
contrast, in our formulation, plugging behaves like a capture avoiding substitu-
tion. While this is not strictly necessary, it is a consequence of our choice to
internalize their definition as a theory, rather than presenting them as syntac-
tical objects. This restriction helps avoid soundness issues related to accidental
variable capture, and it does not affect the use of contexts for K definitions.

Crucially, from these axioms we are able to prove that the plugging operation
corresponds to substitution in the following sense, which is equivalent to saying
that S-reduction relative to plug holds.

Theorem 1. Let s1,s2 be two sorts, and ¢ be a pattern of sort so. Then,
Fcontext }: (7‘351@)[@/}] = 90[1/1/5]
for any functional pattern ¥ of sort s not having OJ as a free element variable.

Given C;:Context;? and Cy:Context;?, the composition of C; and Cy is defined
as the following notation of sort Context;®, and behaves similarly to function
composition:

Cy 0 Oy 4> 4:81.C5[C1 O] (C20Ch)[y] = CoCh[Y]]
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Because K allows multiple rewrites to appear in the same rule (as long as
they are not nested), we will need a notion of multihole context to formalize this
feature, which is straightforward to define via currying.

An n-hole context on sorts si,..., S, is a pattern of the form

where ¢ is of sort s. We will abbreviate the sort of such patterns by Context; . .
As in currying, plugging into multihole contexts is simply iterated single-hole

plugging: C[1, ..., ¢,] > C1] ... [thy].

The composition is naturally extended to contexts with multiple holes.

Definition 4 (Multiple context composition). Let C:Context; . be an
n-hole context, and C;:Context’; with i = 1,...,n be contexts. We define the
multiple composition of C and C4,...,C, as

Co(Ch,...,Cp) > ~0O1:8) .. .08, .C[CL 4], - . ., Cr[O4]],
where Oy, ...,0, are fresh element variables.

For n = 1, the multiple composition becomes functional composition: C o
C1 <> C © Cy. Note that C © (C,...,Cy) will be of sort Contexty, . . The
following result shows how to plug a multiple context composition.

Proposition 1 (Plugging multiple context composition). Consider the

contexts C:Context; . and Ci:Context);, i = 1,...,n. For any functional

patterns V¥;:s; withi=1,...,n, we have that
Fcontext ): (C © <Cla ey C’n>)[wla e 7wn] = C[Cl[wl]a ey C’n[wn]]
In this section, we focused on the aspects of the theory of contexts that are

strictly required for the ML denotations in Section 4. A more comprehensive
presentation can be found in [3].

4 K Definitions as ML Theories

In this section, we formally specify a notation :<> such that
K definition of L :¢+ LYt
where LU is the matching logic theory represented by L.

4.1 The Main Idea

The main idea to generate the theory L'" is as follows:
1. Let Sort be the constant symbol whose inhabitants are given by the set of
sorts used in L'
2. Each non-terminal N denotes a sort N subsorted to Kltem (see Section 4.3):
Jy:Sort. N =y
TN c TKltem
3. Each subsorting BNF production denotes a subsort axiom:

syntax N
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syntax A ::=B <> TgC Ty
We also use notation B <: .S for the subsort relation.
4. Each non-subsorting BNF production denotes a distinct symbol o € X(LM%),
which is functional:
syntax N ::=T1 Ny... Ty Ny Tiy1 ¢ Zfalclj’vl,xkv)d?k:];fkﬂy]\]
In this way, each K term ¢ denotes, via the notation, an ML pattern
t ML
5. Each attribute of a BNF production, excepting symbol and function, de-
notes a set of axioms (see Section 4.2). So, the syntax BNF (L) of L denotes
an ML theory BNF (L)™' [5]:

BNF(L) :¢» BNF (L)'
6. The cells of the configuration denote a theory including specific sets of sorts,

symbols, and axioms (see Section 4.4). So, the configuration declaration of
L denotes an ML theory CONFIG(L)"™:

CONFIG(L) :+ CONFIG(L)"*

7. The K simplification rewrite rules, which compute the value of a function
symbol, denote equalities of the corresponding ML patterns.

8. The K semantic rewrite rules denote one-step transition ML patterns, built
using contexts (see Section 4.5). In this way, the semantic rewrite rules of L,
SEM (L), denote an ML theory SEM (L)"'L:

SEM(L) :¢> SEM (L)™'

9. The builtin modules are specified as abstract datatypes. An example is given
in Section 4.3. Let BLTN (L)"'" denote the theory including the specifications
of the builtin datatypes.

10. The ML theory denoted by L will be L' = BNF(L)" U CONFIG(L)"" U
SEM (L)" U BLTN (L)' and satisfies L :¢» LM

ML
t e, le.,

4.2 Attributes of Symbols

Each BNF production defining a symbol may have, implicitly or explicitly, one
or more attributes, grouped as follows:
— definitional attributes: symbol, function;
— static semantic attributes: constructor, functional, total, injective,
assoc, comm, unit, idem;
— dynamic semantic attributes: strict, seqstrict, strict(iy,..., ).
We use 7,(N1,..., Nk, N) to denote a non-subsorting BNF production for
the non-terminal N with the attribute symbol(c), where INi,..., N are the
non-terminals occurring in the BNF expression (in this order).

Definitional attributes The attribute symbol, designates the symbol name
associated with that rule. It is mentioned implicitly or explicitly. The attribute
function specifies that the symbol associated to that rule denotes a function.
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Such symbols should have associated (simplification) rules that compute the
value of the function, denoting equalities of the corresponding ML patterns:

rule t = t' [simplification] :¢» 'L = M

Ezample 1. Since the BNF production for max in Figure 2 has the attribute
function, the rules computing it are simplification rules and their ML denota-
tions are equalities. For example,

rule max(I1:Int, I2:Int) => I1 requires (I1 >Int I2)
g

Vi1, 29:Int. >0t (il,ig) — max(il,ig) =1

Static Semantic Attributes We present only the axioms denoted by the at-
tribute constructor. The ML denotations of the other static semantic attributes
are intuitive and therefore they are omitted.
1. For each my(Ny,..., Nk, N) having the attribute constructor, an axiom
saying that o is injective is added, which is equivalent to the slogan "no
confusion, the same constructor":

Vay, 2 :Ny .. Vo, 2 Ni(o(z1, ... 2) = o(2], ..., 2))) —

(x1 =2\ N Axy = 1))

2. For each pair 7, (N1, ..., Nk, N) and 7o/ (N7, ..., N, N) with o # ¢’, having
the attribute constructor, an axiom formalizing the slogan "no confusion,
different constructors" is added:

Va1:Ny .. Vo N Vo Ny . Vo) N .o(z1, ... o) # o' (2, ... 7))

3. If mpi(N{,..., N} ,N), i € I, are all the productions having (explicitly or
implicitly) the constructor attribute for the sort N, then the following
axiom specifies the carrier set of N, formalizing the slogan "no junk":

Ty=pX.(\/ ToV(\/o'M,.. . W) (No-Junk)
s<:N el

where Y; = X if Ni = N, and Y; = T y: if Ni # N.

Remark 3. 1. We assume that all sorts N are non-void: [T x].

2. If the BNF productions are mutually recursive, then computing the carrier
set using (No-Junk) is a bit tricky. For such cases, the technique described
by Chen et al. [5] can be applied.

If some constructors of sort N have attributes assoc, comm, idem, and/or
unit, then axioms defining the quotient sort N/=y are added, where =y is the
congruence generated by these axioms. An example is given in Section 4.3.

Dynamic Semantic Attributes We consider only the case of the attribute
strict(iy,...,i) for m5(N1,..., Ny, N), the other ones being particular cases
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(syntactic sugar) of this. In K, sort KResult is used to specify the “values” of the
programming language. We use notation KResult(z) <> & € Tkresuit to say that
x is a value already evaluated.

The expressions to be evaluated always lie in the <k> cells, therefore we
have to use the contexts in order to abstract the configurations over which the
computations are executed. The content of a cell <k> is a sequential list t; ~
ta ~ ..., meaning that ¢; is evaluated/computed first, then ¢, and so on.

For each i € {i1,...,ix} of strict we have a heating rewriting axiom:

vC : Contextg:::g:; Ve:KVr1:Ny, ..., 2,:Np.
(CoCy)o(z1,.-.,xn)] A KResult(z;) — (C o Cyx)[z; ~ Cy ]
and a cooling rewriting axiom:
vC : Contextg:::él;> Ve:KVr:Ny, ..., 2Ny
(C o C’k)[xl % Cg,i] A KResuIt(mi) — .(O o Ck)[Cm[a:i]]

where Cy <> YOg:Kltem. (k) (Ox ~ &) and Cy; <> YO;: N0 (21, ..., iy oo 0.
Sorts K and Kltem are described in Section 4.3 and Cell{_) in Section 4.4.

The heating rules correspond to the “split” operation, where a term is split
into a context and a subterm (to be evaluated), while the cooling rules corre-
spond to the “plug” operation, where the value obtained by the evaluation of
the subterm is plugged into the context.

Ezample 2. Here are the axioms corresponding to strict(1) on decjz in the
syntax of the Minsky Machine (see Figure 2):

VC’:ContextE:::$>> Vr:K Vi :Exp.Vrs, z3:Label.

(C o Cx)ldecjz(w1, x2, x3)] A =KResult(z1) — o(C o C)[z1 ™ Cyecjz,1]

WC: Contextcgy (1) VK a1 :Exp.¥aa, 25:Label.

(C o Ck)[.’lﬁl n Cdecjz,l] N KReSU|t(l‘1) — O(C o Ck)[Cdecjz)l[a?lH

where Cyeciz,1 i the context 7:Exp.decjz(0, z2, 3) € Contextgur'. These axioms

can be instantiated in both configurations defined in Figures 2 and 3.

4.3 Builtin Theories

K includes a set of builtin datatypes [33], whose operations are implemented
using a hooking mechanism. The datatypes are also specified in K [33], so we can
use these specifications to define their ML denotations. Here we consider the K
datatype, which is an important component used in almost any K definition.

K Datatype The K datatype is an associative list t; ~ t3 ~ ... [31] and is
used to populate the cells <k>. Its K specification and ML denotation are given
in Figure 4, where equality modulo axioms = is specified by a constant symbol
Eqk, a notation = =k y :+> (z,y) € Eqyk, and the axiom in Figure 5.

The specification of the quotient sort K/ corresponds to the attributes
assoc and unit of .
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syntax K [hook(XK.K)] > FySortK=y
syntax KItem [hook(K.KItem)] : 3Jy:Sort.Kltem =1y
syntax K ::= KItem > Tkitem € Tk
syntax K ::= ".K" . . .

[symbol (dotK)] > Jdz:KdotK = 2

Ty (™ Ty)

syntax K ::= K "~>" K :ﬁ’yﬁizrfm ;d:(y)ﬂ:(z

[symbol(~), R Uil y

Vo, o'y, y Ke ~ny=2" ~y" —
r=1a A Yy = y'
the axioms of the quotient sort K/

assoc, unit(dotK)]

Fig. 4. Axioms for the K datatype

Eqx = pR:K@K.Jz:K.(z, x) V /* reflexive */
Jz, y:Kltem.(z, y) A T Zkitem Yy V /% Zieem C 2k ¥/
Jz,y, 2K (x ~y) N 2%z~ (Y N 2) /* associative */
Jx:K.x ~ dotK ¢ z /* right unit */
Jy:K.dotK ~ y = y /* left unit */
(intension R)™' v /* symmetric */
(intension R) o (intension R) V /* transitive */

Jx1, 2, y1, y2: K (@1 ~ Y1, T2 N Y2)

* *
A1, m2) € RA (y1,92) € R /* congruence */

Fig. 5. Definition of Eqy

4.4 Configurations

The formal syntax for configuration declarations is quite complex, as it allows
one to specify various structures needed to define the semantics of programming
languages or software systems.

The main component of a configuration is that of a cell, which can be sin-
gleton, optional, multiple, and may include other cells. Here we include only
the ML denotation of single cells that include other cells. The specification is
given in Figure 6, where S; is the sort of the cell C;, i.e., S; = Cell{name(C;))).
The specification includes a return sort Cell(cn) and a constructor (cn) for the
content of the cell.

The denotations of cells having the attributes <ecn multiplicity = *, type
= ... are more complex because they have to include specifications of specific
data structures mentioned by the type attribute, which can be Set, List, or Map.
For example, the following cell declaration from Figure 3

1 | <threads>
2 <thread multiplicity = "*" type = "List"> ... </thread>
3 | </threads>
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Jy:Sort.Cell{cn) =y

Jz.(en) = =
<C7.L> Ci...Ck </cn> Vx1:51, ..., xk:Sk.32:Cell(cn).{en)) (z1, ... ,xzx) = 2
aj;;?i‘;an.c.e_Of g Vl‘ltsh e ,CL‘k:Sk .Vylzsh ey ykSk
<single-cell> <|an($17 R Z’k) = QC”D(ZJI, oo 7yk) -

xlzyl/\.../\mk:yk
TCeII(cn) = 31‘1:51,. .. ,xk:Sk.anD(wl,.. . ,J,'k)

Fig. 6. Axioms for single cells

requires that the contents of the cell <threads> be of sort ListCell{thread).

Example 3. Here are the axioms for the <T> cell from the configuration of the
Minsky Machine (Figure 2):
<T> <k> ... </k> <counters> ... </counters> <stmts> ... </stmts>
g

Cell{T) € Tsont 2 (T) ==
Vxy:Cell(k).Vao:Cell(counters).Vg:Cell(stmts). 3z:Cel(T) (T (x1, z2, 23) = 2

Va1:Cell(k).Vaa:Cell{counters).Vaz:Cell(stmts) (T (x1, z2, 23)=(T) (y1, Y2, y3) —
T1=Y1 A Ta=Y2 N\ T3=Y3

TCeII(T) = QTD (TCeII<k) ) TCeII(counters) ) TCeII{stmts))

The specification of the <k> cell, e.g., is similar but its content is of sort K:

<k> ... </k>
>
Cell(k) € Tsort Jz.(k) = = Va:K.3z:Cell(k). (k) (z) = 2z
Teenry = Fv:K. (k) () Vo, y:K. (k) (z) = (k) (y) >z =y

4.5 Semantic Rewrite Rules

These rules define the dynamic semantics of a language/system: each such a rule
specifies a one-step execution. We first explain the most general form of a rule.
Assuming that we already have

cfg => cfg’ an instance of <rule-body> :¢+ Vf.cng[L — ocfg/w'
then

/ 5 .
rule cfg => cfg’ requires precond ensures postcond an instance of

<rule-declaration> ::=
"rule" <rule-body> "requires" <condition>
"ensures" <condition>
<
V:E.(cng[L A precondM[L) — o(cfg'wL A postcondM[L)
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If either the precondition or the postcondition (or both) is omitted from the rule
declaration, it can be assumed to be equal to T.

We explain in the following how Vz.cfg"™™ — ocfg’wL is obtained for various
kinds of rewrites cfg => cfg’. Here is a place where the axiomatic definition of
contexts plays a major role.

K-Contextual Rewrite These rules describe changes in <k>-cells without
mentioning any cell/context.

t = t' an instance of <rule-body> ::= <k-term> "=>" <k-term>
=
WO : Contextcgy b FrK.CLIK) (™ A~ k)] = oC(K) (™ A k)]

Ezample 4. For the K definition in Figure 2 we have
rule decjz(0, L1, _) => L1
g
WC:Contextcey () Vii, la:Label.(C o C,)[deciz(0, Iy, 12)] — o(C o Cx)[l1]

Local Rewrites These rules specify one-step executions by mentioning only
those configuration components that are changed (using abstraction mechanism).
We start by specifying the components of the the ML denotation given by
the local rewrites in a single cell:
<en>clty = th] - - - [ty = t},]</cn> an instance of
<local-changes-under-local-multi-context>
Rad
. q, AML.
Yy:s1 .. yOg:sg.c-:Context
T
ML ML
M

Cell(cn)
S1y.+438k

where s; is the sort of ¢; and t; and local rewrites ¢; = t} in ¢ are replaced by
the corresponding holes O; in M.

Now we extend the specification to all local rewrites declared in a rule body:
<en'>cltt = 7], .. [t = t’,lﬂ]</cn1> L<en>cth =L [t),, = t’£2]</cne>

an instance of

<rule-body> ::= <local-changes-under-local-multi-contexts>
Sad
VC:CO”teXtEZ::EBI>,..‘,Ce||<cm>'
(C o (™, ™ ek T -
o(Co (e, .. dmypt™, et et
ML

where c; - are defined as above.

i

Example 5. For the K definition in Figure 2 we have
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rule <k> inc(C:Counter, L:Label) => L ... </k>
<counters> ... C | => ( V => V +Int 1) </counters>
Sd

WC:ContextEatt coi counters)-¥e:Counter. Vi:Label. vim:Map ¥u:Int.

(C @ (Ch,Cy))linc(c, 1), v] — o(C © (C1, Co))[l, v + 1]
where Cy := y0:K(k)(O ~ k), Cz := yO:Int.{counters))(m MAP ¢ — O). Here,
MAP is the concatenation operation on the sort Map and ¢+ [ represents the
singleton map with key ¢ and value O, which are part of the theory of builtins.

5 Related Work

The K Framework’s rule-based approach is conceptually similar to Structural
Operational Semantics (SOS) [28]. However, K introduces powerful abstraction
mechanisms, such as implicit configuration contexts, inspired from evaluation
contexts [14,13]. The practical importance of providing a solid formal foun-
dation for K is emphasized by its widespread use in developing complete for-
mal definitions for numerous real-world languages, including C [15], Java [2],
JavaScript [25], x86 [12], LLVM [20], as well as emerging blockchain languages
such as EVM [16] and IELE [17]. Recently, K was used to generate proof certifi-
cates for a language-agnostic interpreter, where each (concrete) execution of a
program is certified by a machine-checkable mathematical proof [4,21].

The first version of the matching logic was used to specify static properties
of programs in reachability logic [30,11]. A sound and complete Hilbert-style
proof system of (structural) matching logic is given in [29]. The matching logic
was then extended with a least fixpoint-binder p [9], which subsumes not only
reachability logic, but also a variety of common logics/calculi that are used
to reason about fixpoints and induction. These versions follow a many-sorted
approach and are used in the design of the intermediate representation Kore.
In this paper, we use the functional variant of matching logic [7,6] that adopts
a minimalist design and defines only the simplest building blocks, from which
more complex and notationally heavier concepts can be axiomatized as theories,
and intended to be used as a basic reference.

A central theme of our work is the formal treatment of contexts. While the
notion of a context as a term-with-a-hole is fundamental to term rewriting, it is
typically treated as a metatheoretical concept. Our work reifies contexts as first-
class objects within the logic, an approach that shares conceptual similarities
with other formalisms such as higher-order abstract syntax (HOAS) in frame-
works such as Twelf [20], refinement calculus [1,24], and program transformation
languages such as Stratego [37]. Our formalization in the paper opens the door
for providing a common matching logic foundation for these related approaches.

While in our approach we chose to represent binders using the intension
technique [8], another possibility would have been to use nominal logic, which
was axiomatized as an ML theory [10,35]. Regardless of this choice, the use of
context for denoting K definitions would work in the same way, after establishing
the main properties of the plugging operation.
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There have been other theoretical attempts to formalize K, e.g., using double-
pushout graph transformations [36], Isabelle [19], Rocq [23]; however, these ap-
proaches introduce a significant representational distance from the original defi-
nitions. In contrast, our approach provides a direct denotational semantics, map-
ping a K definition to a formal theory in ML. This is distinct from the classic
denotational semantics [34], which maps programs to mathematical domains.

The ultimate motivation for this work is to enable the formal verification of
the kompile tool, placing it in the broader context of verified software toolchains.
The most notable project in this area is CompCert [18], a formally verified C
compiler that guarantees semantic preservation from source code to assembly.
While CompCert focuses on verifying the translation of programs, our work
provides the basis for addressing the unique challenge of verifying the translation
of language definitions.

6 Conclusion

In this paper, we have presented a formal denotational semantics for the K fron-
tend, establishing a direct and transparent link between high-level K language
definitions and their underlying foundation in matching logic (ML). We have sys-
tematically demonstrated how each component of a K definition can be formally
translated into a corresponding ML theory.

Our approach is centered on a novel, reified theory of contexts within ML,
which proved essential for elegantly capturing K’s complex context-dependent
features, including the configuration abstraction mechanism and the heating/-
cooling rules for dynamic strictness attributes. By formalizing these concepts, we
replace the opaque “magic” of kompile with a clear and verifiable specification.

This work provides the formal foundation necessary to verify the correctness
of the K toolchain. An immediate direction for future work is to leverage this
specification to formally prove that the Kore generated by the kompile tool is a
correct refinement of the ML theory we have defined. To this end, we would first
need a definition of the Kore language as an ML theory, which is well-known and
was for example formalized in the Metamath proof system [4]. Then, we would
need to prove that the Kore theory generated by kompile is indeed a refinement
of the ML theory defined using our approach.
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